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Example 2 37   May 4, 2006

 
Let ݂ሺݔሻ = ଶݔ2 − ݔ2 + ଶݔ1  ,and given that ݂\ሺݔሻ = ݔ2 − ଷݔ2  and ݂\\ሺݔሻ = 6 − ସݔݔ4  

 
   (a)  Find the vertical and horizontal asymptotes for the graph of ݂, if any. 
 

   (b)  Find the intervals on which ݂ is increasing and the intervals on which  ݂ is  
          decreasing. Find the local extrema of  ݂, if any. 
 

   (c)  Find the intervals on which the graph of  ݂  is concave upward and the intervals on  
          which the graph of  ݂  is concave downward. Find the points of inflection, if any. 
 

    (d) Sketch the graph of ݂. 
 (8 pts.) 

Solution ሺܽሻ ܪ. ܣ ∶             lim௫→ஶ ݂ሺݔሻ =  lim௫→ஶ ଶݔ2 − ݔ2 + ଶݔ1 =  lim௫→ஶ 2 − ݔ2 + ଶ1ݔ1 = 2            Lim௫→ିஶ ݂ሺݔሻ = 2 ∴ ݕ = .ܪ           2 .ܸ ܣ ܣ ∶           lim௫→శ ݂ሺݔሻ =  lim௫→శ ଶݔ2 − ݔ2 + ଶݔ1  =  ∞           lim௫→ష ݂ሺݔሻ =  lim௫→ష ଶݔ2 − ݔ2 + ଶݔ1  =  ∞ ∴ ݔ = 0          ܸ. ሻݔሺܾሻ           ݂\ሺ ܣ = ݔ2 − ଷݔ2 = 2ሺݔ − 1ሻݔଷ  ∴   ݂  ↗ ,∞−ሺ  ݊   0ሻ ∪ ሺ1, ∞ሻ       ݂ ↘ , ሺ 0  ݊   1 ሻ 
       ݂\ሺݔሻ = 0 
ݔ         − 2 = 0          ⇨ ݔ   = 1         ݂ሺ1ሻ = 2 − 2 + 11  = 1 
Minimum local at  ሺ 1 , 1 ሻ 
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Example 3 38    July 17, 2006
 
 
Let ݂ሺݔሻ = 3 − ݔሺݔ − 1ሻଶ .and given that ݂\ሺݔሻ = ݔ − 5ሺݔ − 1ሻଷ and ݂\\ሺݔሻ = 2ሺ7 − ݔሻሺݔ − 1ሻସ  

 
   (a)  Find the vertical and horizontal asymptotes for the graph of ݂, if any. 
 

   (b)  Find the intervals on which ݂ is increasing and the intervals on which  ݂ is  
          decreasing. Find the local extrema of  ݂, if any. 
 

   (c)  Find the intervals on which the graph of  ݂  is concave upward and the intervals on  
          which the graph of  ݂  is concave downward. Find the points of inflection, if any. 
 

   (d) Sketch the graph of ݂. 
 
   (e)   Find the maximum and the minimum values of on ሾ 2 , 4 ሿ.                               

(10 points) 
Solution 

(a) ܪ. ܣ ∶            lim௫→ஶ ݂ሺݔሻ =  lim௫→ஶ 3 − ݔሺݔ − 1ሻଶ = 0           lim௫→ିஶ ݂ሺݔሻ = 0        ∴ ݕ   = .ܪ         0  ܣ
 ܸ. ܣ ∶           lim௫→ଵష ݂ሺݔሻ = lim௫→ଵష 3 − ݔሺݔ − 1ሻଶ =  ∞           lim௫→ଵశ ݂ሺݔሻ = lim௫→ଵశ 3 − ݔሺݔ − 1ሻଶ =  ∞ 

                 ∴ ݔ = 1       ܸ.  ܣ
                 
(b) 
 ∴ ݂  ↗ ,∞−ሺ ݊    1ሻ ∪ ሺ5, ∞ሻ     ݂  ↘  ሺ1,5ሻ ݊  
 ݂\ሺݔሻ = ݔ  − 5ሺݔ − 1ሻଷ ݂\ሺݔሻ = 0        → ݔ      − 5 = 0       → ݔ        = 5 ݂ሺ5ሻ =  3 − 5ሺ5 − 1ሻଶ =  −216 =  −18   ∴ at ൬5, −18 ൰   Minimum  local extrema  
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   ሺݔ − 1ሻଷ − + + 1 ݂\ሺݔሻ ⊕ ⊝ ⊕ 
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 (a)  Find the vertical and horizontal asymptotes for the graph of ݂, if any. 
 

   (b)  Find the intervals on which ݂ is increasing and the intervals on which  ݂ is  
          decreasing. Find the local extrema of  ݂, if any. 
 

   (c)  Find the intervals on which the graph of  ݂  is concave upward and the intervals on  
          which the graph of  ݂  is concave downward. Find the points of inflection, if any. 
 

    (d) Sketch the graph of ݂. 
 (8 pts.) 

Solution (a)       ܪ. lim௫→ஶ                 :ܣ (ݔ)݂ = lim௫→ஶ   ݔݔଶ − 1  = 0                 lim௫→ିஶ (ݔ)݂ = lim௫→ିஶ  ݔݔଶ − 1  = 0 ∴ ݕ = .ܪ        0 .ܸ        ܣ lim௫→ିଵష               :ܣ (ݔ)݂ = lim௫→ିଵష ଶݔݔ   − 1 = lim௫→ିଵష ݔ)ݔ   − ݔ)(1 + 1) =  −∞ 

                   lim௫→ିଵశ (ݔ)݂ = lim௫→ିଵశ ଶݔݔ   − 1 = lim௫→ିଵశ ݔ)ݔ   − ݔ)(1 + 1) =  ∞                      lim௫→ଵష (ݔ)݂ = lim௫→ଵష ݔ)ݔ   − ݔ)(1 + 1) =  −∞                     lim௫→ଵశ (ݔ)݂ = lim௫→ଵశ ݔ)ݔ   − ݔ)(1 + 1) =  ∞ ∴ ݔ = ݔ   &   1−  = 1     ܸ.  ܣ
(b)                ݂\(ݔ) < ݔ ∀    0 ∈ ℛ/ሼ−1,1ሽ                ∴  ݂\ ↘    on ℛ/ሼ−1,1ሽ                      ݂\(ݔ) =  − ଶݔ + ଶݔ)1 − 1)ଶ           ⇨         ∴ (ݔ)\݂  ≠ 0 

       No local extrema ݂   has  inϐinite discont     ܽݔ  ݐ = ±1 
(ݔ)\\݂  (ܿ)   = ଶݔ) ݔ2 + ଶݔ)(3 − 1)ଷ                      = ଶݔ) ݔ2 + ݔ)(3 − 1)ଷ(ݔ + 1)ଷ           ∴ graph  ݂   CD   on  (−∞, −1) ∪ (0,1)             graph  ݂   CU   on  (−1,0) ∪ (1, (ݔ)\\݂   (∞ = 0    → ଶݔ) ݔ2   + 3) = ݔ            0 = 0     ݂(0) = 0            ∴ inϐlection point at     (0,0) 

Example 4 39   December 14, 2006

Let ݂(ݔ) = ଶݔݔ − 1 and given that ݂ᇱ(ݔ) = − ଶݔ + ଶݔ)1 − 1)ଶ and (ݔ)′′݂ = ଶݔ) ݔ2 + ଶݔ)(3 − 1)ଷ
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Homework 
 

3 36   January 17, 2010
 
5. (4 pts.) Sketch a graph of ݂ሺݔሻ that satisfies ALL of the following conditions  ݂ሺ0ሻ = 0 lim௫→ିஶ ݂ሺݔሻ = 2 lim௫→ାஶ ݂ሺݔሻ = +∞ lim௫→ଵష ݂ሺݔሻ = +∞ lim௫→ଵశ ݂ሺݔሻ = −∞ ݂′ሺݔሻ < 0 on ሺ−∞ , 0 ሻ ݂′ሺݔሻ > 0on ሺ 0 , 1 ሻand ሺ 1 , +∞ሻ ݂′′ሺݔሻ < 0 on ሺ−∞ , 0 ሻand ሺ 1 , +∞ሻ ݂′′ሺݔሻ > 0 on ሺ 0 , 1 ሻ 
 
 
4 15    February 12.1996
 

3.    Let ݂ሺݔሻ = ସݔ + ଶݔ16  
 

(a)  Find the intervals on which ݂ is increasing or is decreasing , and find the local  
          extrema of  ݂ ( if any ) . 
 

 (b)  Find the intervals on which the graph of  ݂  is concave upward or concave downward.  
        and find the points of inflection ( if any) . 
 

 (c)  Find the vertical and horizontal asymptotes for the graph of ݂ ( if any) . 
 

 (d) Sketch the graph of ݂.                                                                          (2+2+2+2 points) 
 
5 18   May   24 ,2000
 
Let  ݂ሺݔሻ = ଷݔ + ଶݔ3 − ݔ9 + 1.  
 

      (a)  (3 pts.)  Find the local extreme of ݂. 
 

      (b)  (3 pts.)  Find the intervals on which the graph of ݂ is concave upward. What are  
                           the points of inflection?  
 




