HOSSAM GHANEM

(28) 4.5 Summary of Graphical Methods(A)

Example 1 23 April 27,2000

Let f beadifferentiable function on (—oo, ) with

f=~1, f(-D=-2, f(0)=0, f()=2, f()=1, [Jm f(x)=0

and

Interval (—0,-2|(-2,-1)| (-1,0) (0,1) (1,2) (2,00)
Sing of f\(x) - -~ # + i —
Sign of £ \\(x) H i " 2 o +

Answer the following (1 point each)

() What are the intervals on which f isincreasing, and intervals on which f is
decreasing ?

(b) What are the local extremaof f ,if any ?

(c) Determine the intervals on which the graph of f is concave upward and the intervals
on which the graph is concave downward.

(d) What are the points of inflection of the graph of f , if any ?

(e) Sketch agraph of f indicating local extrema, inflection points, concavity, and
asymptotes.

Solution

@
f N on(—1,1)
f 2 on(—o,—1)U (1,o)

(b)
Maximum local extremaat x = 1 at (1,2)
Minimum local extremaat x = —1 at(—1,—2)

(c)
Graph f CUon (—2,0) U (2,0)
Graphf CDon (—,—2) U (0,2)

(d)
Inflection point
x=-2 = (-2,-1)
x=0 — (00) Ay
& = 2428300 N

Asymptotes
y=0
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Example 2 37 May 4, 2006

2x%—2x +1 . 2x — 2 6 — 4x
Let  f(x) = " andgiventhat f\(x) = ——— and f\(x) =
(@) Findthe vertical and horizontal asymptotes for the graph of f, if any.

(b) Findtheintervals on which f isincreasing and the intervals on which f is
decreasing. Find the local extremaof f, if any.

(c) Findtheintervals on which the graph of f isconcave upward and the intervals on
which the graph of f isconcave downward. Find the points of inflection, if any.

(d) Sketch the graph of f.

(8 pts.)

Solution
(a)
H.A:
2 1
_ 2 -2x+1 2=t
i@ lim ———— = lim@ &5 = 2
X—00 X—00 X X—00
Lim f(x) =2
xX——00
y=2  HA
V.A:
: Lo 2x*2-2x+1
li 700 = Jip = =
: _Ir 223 B, O
ApfE= T =
=y () V.A
(b)
2x—2 2(x—1)
Ao =—F5—=—73 0 1
v~ f 7 on (—,0)U(1,) x—1 N = +
f N on (0,1)
£\ =0 = - -
M%) © © @
x—2=0 = 5 e | 7 N 7
2 Hl
f) = =1

Minimum local at (1,1)
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3
6—4x 4|5« 3
© MN@W=-—= (24 )
A 3y 3 + + -
Thegraphof f CU on (—oo,z)/{o} 57X
Thegraphof f CD on(% ,OO) x* + L +
3 3 \\
A\x) =0 —>4(——x):0 = — JANEY D > S
2 2 cu cu D
9 3 9
(3)_ 2(1)—2(7)“ 1 7 FASECINN WIS T2 @10
"e)= 9 LY 9 =D
4 4
. at (E E) inflecti int
. da 2, 9 Inriectaon poin
Ay
: | >
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Example 3 38 July 17, 2006

3—x , _ x—=5 _ 207 —x)
m .and given that f\(x)—(x_1)3 and f\\(x)_—(x——l—)“

(8 Find the vertical and horizontal asymptotes for the graph of f, if any.

(b) Findtheintervals on which f isincreasing and the intervals on which f is
decreasing. Find the local extremaof f, if any.

(c) Findtheintervalson which the graph of f isconcave upward and the intervals on
which the graph of f isconcave downward. Find the points of inflection, if any.

(d) Sketch the graph of f.

(e) Find the maximum and the minimum valuesof on[ 2,4 ].

(10 points)
Solution
@
H.A:
3—x
Jim f(x) = hrn(x e £
xl—1>r—noof(x)_0
y=0 H.A
V.A:
llm fx) = hm (x3 —1x)2 = o
il 3—x B
llm i) = 11 1+(x—)2_ oS
.'-x=1 V.A
(b)
~f 72 on(—o0,1) U (5, 0) 1 5
f N on(1,5) ot B B N g
f (x) = (_—%_3 (X—1)3 = + {0 1
Ax)=0 > x-5=0 - x=5 fAx) ® o D
SR -2 -1 2 A P

i Wl il

-1
at (5,?> Minimum local extrema
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(28) 4.5 Summary of Graphical Methods(A) P5
(©)
The graph of f CU on (—oo,7)/{1} 7
The graph of f CD on (7, )
2(7 —x) 7—x + + —
\\ =
) = S
=0 = 7-x=0 (x — 1)* + 5 +
Il (55 al,, B ANC) D D ©
f(7)=m=£:? CU cuU CD
T . : :
s~ at (7, ?) inflection point
(d)
A
%
1 1
|| ||
(€)
S —d
f(2) = PV 1

o 3-4 _-1
f(4) = G-12- 9

s« Maximum V is1 at x=2

Maximum V is %1 at x=5
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Example 4 39 December 14, 2006

x ; x?+1 2x (x% + 3)
and giventhat £’ LI A N ¥ IS Y ) e e

(@ Find the vertical and horizontal asymptotes for the graph of £, if any.

Let  f(x) =

(b) Find theintervals on which f isincreasing and the intervals on which f is
decreasing. Find the local extremaof f, if any.

(c) Findtheintervalson which the graph of f isconcave upward and the intervals on
which the graph of f isconcave downward. Find the points of inflection, if any.

(d) Sketch the graph of f.

(8 pts.)
Solution
(@)
H.A:
il e —— 22
xl—l}Eloof(x) a x1—1>IPoo xZ — 1 i O
~y=0 H.A
V.A:
i A == d8n |~ giad lim il =
x—>-1" o =l 172 x? -1 e (x - 1)(x + 1) =
1. ( ) . 1. x . l- x .
x—1>£n1+f T 221 sl (x—1(x+1) “
A P I e G )
. _ . x .
Jm fO) =lm S Dern ™ ®
e =Rl & =l AV. A
(b)
fMx) <0 vxeR/{-1,1}
~ f\N onR/{-1,1}
x2+1
W () ESAAB T i o A
A@=~rampme = Af\@ =0
No local extrema
f has infinite discont at x = +1
2x (x2 +3) —1 0 1
© fN&) =——F—5-
(x _1) X — —_ + + 0
o 2x(x*+3)
(= 1)3(x +1)3 —1)3 _ = {k + 1
~ graph f CD on (—o,—1)U (0,1) filiik
graph f CU on (—1,0) U (1,0) .
ANx) =0 - 2x@x*+3)=0 (x+1) ! + e + vl
x=0 © 8% © @
f(0)=0 CD cU CD cuU

- inflection pointat  (0,0)
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(d)
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Homework
1 24 July 20th, 2000
2
X
6. Let f(x):4_x2
(@ Findthe vertical and horizontal asymptotes (if any).
8x
\ 1o WEGOT
(b) Showthat f\(x) 4 —x2)2
(c) Findtheintervalsonwhich f isincreasing and the intervals on which f is
decreasing. Find the local extrema (if any).
2 + 24x?
(d) Giventhat f\\(x) = 3(44—;‘2:; . Find the intervals on which the graph of f
SlX
Is concave upward and the intervals on which the graph of f isconcave downward.
(e) Find the point of inflection (if any).
(f) Sketchthegraphof f .
2 27 August 2, 2001

7. Let f beadifferentiable function such that :
@ f-1=0, f(0)=3, f(DH=2ad f3)=1

(b) f'(x) >0 on (—,0)U(3,o)and f'(x) <0on(0,3).
(© f(x)<0on (—o,1)and f"(x) >00n(1,)

Sketch the graph of y = f(x) , showing the local extrema and the points of inflection
if any.
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36 January 17, 2010

Homework
3
5. (4 pts.) Sketch agraph of f(x) that satisfies ALL of the following conditions
f(0)=0
L A A/ (1) = +o0
1 e 2 i

f'(x) <0on(—,0)

f'(x)>00n(0,1)and (1, +0)

f"(x) < 0on(—,0)and (1, +)

f'"(x)>00on(0,1)

(NS

15 February 12.1996

x*+ 16
xZ

(@) Findtheintervalson which f isincreasing or is decreasing , and find the local

extremaof f (ifany).

(b) Find theintervals on which the graph of f isconcave upward or concave downward.

and find the points of inflection (if any) .

(c) Find the vertical and horizontal asymptotes for the graph of f (if any) .

(d) Sketch the graph of f.

(2+2+2+2 points)

9

18 May 24,2000

Let f(x) =x3+3x2 —9x + 1.
(@ (3pts.) Findthelocal extremeof f.

(b) (3pts) Findtheintervalson which the graph of f is concave upward. What are

the points of inflection?
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